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There are many interesting issues in the brane world with a large/warped extra 
dimension. We focus on the cosmological aspects. We review the cosmological 
solutions of the brane world and how the conventional four-dimensional cosmology 
is recovered by including the effect of stabilization. Its implications on the mass 
hierarchy and the cosmological constant are discussed. 



1 Introduction 

For past two years, many particle physicists and cosmologists were excited 
by the development of two ideas, the brane world and the warped extra di- 
mensions, both of which are based on the existence of extra dimensions. The 
basic idea of the brane world is that standard model particles are localized on 
a (3-|-l)-dimensional brane (or a set of branes) embedded injaJiigher dimen- 
sional spacetime, while gravity propagates in the whole bulk EJi3. The warped 
extra dimension assumes that the background metric is curved along the 
tra dimensions, mainly due to the negative bulk cosmological constant 
Why are these two ideas so exciting? They have brought us fresh views and 
perspectives in gravity, cosmology, particle physics and string theory. We 
have seen many interesting issues discussed so far, such as the localization of 
gravity, the gauge hierarchy problem, the cosmological constant problem and 
self-tuning models thn construction of supersymmetric RS models and the 
role of supersymmetry a, the connection to string theory or Horava-Witten 
model and warped cpmpactification, the interpretation in light of AdS/CFT 
holographic duality 13, the collider signatures of the KK modes and the radion, 
etcK 

In this talk, we focus on the cosmological aspect of the two ideas, mostly 
in five dimensional models with one extra dimension. There has been much 
interest in this because the five dimensional nature of gravity and the brane 
setup might lead to the non-conventional cosmology even at low temperature 
as well as at high temperature above TeV scale. It was found that the Fried- 
mann equation of the. brane shows a iJ cx p behavior and has an additional 
dark radiation term u. There was also a difficulty concerning the negative 
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tension brane, and it was not very clear what happens at temperatures above 
TeV, which can aher the early universe cosmology including inflation. 

However, in the early models, a few important ingredients are not ad- 
dressed, such as the mechanism for the localization of fields on the brane, the 
stabilization of the brane systems ll^ and the way to achieve necessary fine 
tunings of parameters. They inevitably involve bulk matter and dynamics, 
and can change the whole picture, for example, changing the exponential warp 
factor to power law. For the cosmological consequences of bpapfi pisiprld models, 
taking the stabilization into account is found to be crucial EilOO. The inclu- 
sion of the effect of stabilization recovers the conventional FRW cosmology at 
temperatures below TeV. 

The talk is organized as follows. First, we derive the effective four- 
dimensional brane equations to see the generalities of brane dynamics, though 
its usefulness is limited by the lack of the knowledge of bulk effects. Then, 
we try to solve the five dimensional equations with an appropriate ansatz. 
The solution can be obtained in very restricted cases, but a framework can 
be found where we can study brane cosmology with the effect of stabilization 
taken into account. This is done through the Tg component which is adjusted 
to stabilize the extra dimension in the presence of brane matter. Based on 
this, we analyze the background spacetime where we also discuss the mass 
scales and the hierarchy problem, and one and two brane models in turn. 



2 Effective four-dimensional equations on the brane 



2. 1 Framework 

We consider the five-dimensional spacetime with coordinates (t, ,y), and 
3-branes embedded in it. The action describing our framework is 

Ah + LhM 



s 



(fx 



M 



-R 



J d^xV^hA:+C,M] 



(1) 



where M is the fundamental gravitational scale of the model. Ah and Aj 
represent the bulk cosmological constant and brane tensions, respectively. 
CbM and Ci]\i are Lagrangians for the bulk fields and for the fields localized 
in the branes. j—. 

To investigate the role of bulk and bulk fields in brane dynamics lij we 
introduce a bulk scalar with CbM = ^(9$)^. We also allow that Ah, Aj 
and Ci can be functions of $. The bulk Einstein equations obtained from the 
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action 



are 




(2) 



and the bulk scalar equation is 



= 0. 



(3) 



The existence of branes imposes the junction conditions on the above 
bulk equation, giving discontinuities in the first derivatives across the branes 
of metric and scalar field. First let us proceed the general setup. A brane 
can be described by the normal vector um- Then the induced metric on the 
brane is given by gMN = Qmn — nMnN, while the extrinsic curvature by 
Kmn — Qm^n- The junction conditions are 



where the bracket in the left hand side means the difference across the brane 
and r^jy is the energy momentum tensor of brane matter, i.e., and CiM ■ 

Suppose that we are localized on a certain brane and want to study the 
brane dynamics as observed by us. We may take two different approaches. 
The first approach is to derive the effective 3-brane equations localized on 
our brane. The second is to directly solve the whole bulk equations. In this 
section, we follow the first approach. The second will be dealt with in the 
next section. 

2.2 The effective 3-brane Einstein equation 

To derive the effective 3-brane equations, we need to know the extrinsic cur- 
vature and the intrinsic curvature of our brane in terms of the bulk metric 
gMN and the normal vector hm, which are provided by the Codacci equation 






dMK^-d^K^gfGMNU 



(6) 



and the Gauss equation 
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where Efj,^ = CuNOpn^ 9^ 9u ^^^^ Cmnop is the bulk Weyl tensor. 

Now we take y as the Gaussian normal coordinates and impose Z2 sym- 
metry, y ~ —y. We expand $ around the brane, 

1 



Hx,y) = 4>{x) + $i(x)|y| + -$2(a;)r + C(r)- 



(8) 



Then from the bulk equations and (^), and the junction conditions 
and (|^), we obtain the equation for (f) 

dAb T f dk 



U(j}- 



4> 12M3 

and the four-dimensional effective Einstein equation for the brane Q 



(9) 



E^u + ^T^M), (10) 



where 



Aeff (<?!)) 



2M3 



Aft 



A2 



6M3 



dA 



n 



/J. I.' 



= --T^xT: + —TT, 



12 



(11) 

(12) 
(13) 



The first three terms in the right hand side of (|T^) deal with the sources on 
the brane. The first two terms are same as four-dimensional Einstein gravity, 
if we identify the four-dimensional Planck mass 



Mp = 
^ 6A/6 



(14) 



The third term gives a correction quadratic in energy-momentum tensor. The 
last two terms in Eq. ( [To| ) are bulk effect terms, which reflect the existence 
of bulk in brane dynamics. They are inputs from bulk dynamics and not 
determined in the brane equations. The brane equations (|^) and are 
not closed equations. In this sense, they would not be very useful without 
the knowledge of the bulk effect terms. However, they reveal a most general 
structure of the brane equations. In this regard, we note that the Planck 
mass (Q) seems at first to be determined solely by the brane tension. This 
seems strange because the graviton (and its zero mode) comes from the bulk 
fields. Therefore there must be some correlation between the brane tension 
and bulk dynamics, which are incorporated in the brane equations through 
these bulk effect terms. We will see this in the following sections where the 
bulk solutions are treated. 
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3 Five-dimensional cosmological solutions 

3. 1 Framework 

In this section, we investigate the cosmological bulk solutions of five- 
dimensional models. For the two brane models, the fifth dimension y is 
assumed to be an orbifold jZi with y ~ y + 1 and y ~ —y identified. 
Two 3-branes reside at two fixed points (boundaries) y = 0, ^. 

Since we are interested in the cosmological solution, we consider the metric 
where the 3-dimensional spatial section is homogeneous and isotropic. 

ds^ = -?i^(t, y)dT'^ + a^(r, y)^.ijdx''dx^ + 6^(r, y)dy'^ , (15) 

where 7y is the 3-dimensional homogeneous and isotropic metric, and we will 
use K = —1,0,-1-1 to represent its spatial curvature. Einstein equations are 
given by Gmn = {^/M^)Tmn where 



Gnn — 



G 



55 




(16) 





-( 


'a 


ri^ 


a \ 




n' a 


a' 
h — 


b 


n a 


a 


b 



Go5 = 3 I + -T-- 



= diag[-/5,p,p,p,p5] 



E 

1=0. i 



diag[-pi,pi,pi,pi,0] 



(17) 
(18) 

(19) 

(20) 



In addition to Einstein equations, we use the energy-momentum conser- 
vation equation, duT^^ — 



dp 
d^ 



+ 3(/5 + p)- + (p + p5)i = 0, 



a 



P5 



n 

P5\ — 



3^ 
a 



— p — 3 — p = 0. 

n a 



(21) 
(22) 



Brane sources in Eq. ( po|) can be converted to boundary conditions (Junc- 
tion conditions): n, a and b must be continuous and n', a' are discontinuous 
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due to boundary sources by 



b n 



3M3 ' 6 a 



3M3' 



5.^ Five- dimensional spacetime with the bulk cosmological constant and 
brane tensions 

First, we consider the five-dimensional spacetime supported by the negative 
bulk cosmological constant p = —p = Af, < and brane tensions pi = —pi = 
Ai. We define the parameters 



In general cases with fco, — fci/2 > k, the metric is given by 



_ -rfr^ + Sjjdx'dx^ + [kTboYdy'^ ^^^^ 
[fcrsinh(fcfeo|y| + co) + gof 
where &o and cq are determined by 

fccosh(co) = fco, A:cosh(ifc5o + co) = —ki. (26) 

The metric (^5|) describes a slice of AdSs space inflating both in extra dimen- 
sion and in spatial dimensions. We note two special cases. If we have a fine 
tuning (— fc2 — k)/{ki — k) = e'^^°(— Afe_jf fc)/(fci -|- fc), we obtain a inflationary 
solution with static extra dimension 113 



- dr^ +e'^''^dijdx'dx^ + }}^ody^ 
sinh^(fc5o|y| -f- cq) 



^^2 ^ - (27) 



With two fine tunings k = fcn = — fci, we can get a static solution, the 
° n 2 ° 

Randall- Sundrum model □ 

ds^ = e-^''''°^y^ij^^dx''dx'' + bldy^ (28) 

This model attracted much attention because it convert the gauge hierarchy 
problem into a geometric problem. The four-dimensional Planck scale in this 
model is given by M|, = {M^ /k)\l — e"'^'''^]. Any mass parameter toq on the 
visible brane corresponds to a physical mass m = moe~ s'^'^o ^ which we identify 
as the weak scale. Hence the large hierarchy between the Planck scale and the 
weak scale Mp/Mw ~ 10^^ can be explained by a warp factor e"^'^^" with 
ifc^o ^ 37. The property is not spoiled_hy corrections, if corrections 
are given by Gauss-Bonnet interactions cZI. 
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Note that the space described by the metric (g5[) is locally AdSs , because 
it shares the same bulk equation. The metric ( p5| ) can be transformed to ( p8| ) 
by a coordinate transformation 

-fc&R.Si/RS 



/cT sinh(fc6o2; + cq) + go, trs = rcosh(A:6oy + cq) 



(29) 



Therefore, we can say that above metrics are the slices of AdS^ with different 
boundary geometries. 



3.3 Cosmological solutions with static extra dimension 

Let us turn to the more interesting situation where the matter is added on 
the brane(s) and possibly in the bulk. But we require the extra dimension to 
be static, that is 6 = 0. This requires a fine tuning between matter densities. 
For the bulk energy-momentum, we assume 

p = At, p^-Ab, p5 = -Ab +p5(r, y). (30) 

where A;, < 0. The form ofp^^r^y) is constrained by Eq. ( p2| ) to be 

P5{T,y) = — (31) 

With the gauge fixing n(T, y = 0) = 1, we obtain the solution llljll 



a^{T,y) = al 



K 



cosh{2kby) 



K 



± 1 



1 

fc2 



K C 



1/2 



smh{2kby) 



(32) 



and n{T,y) — d{T,y)/do{T). Here ao(T) = a{T,y — 0) and C(r) is determined 
by P5 (t) up to a constant through the equation 



C 



P5{t). 



(33) 



3M3 

ao(T) is fixed by the boundary condition. Suppose that a brane with the 
energy density po is placed at y — 0, and assume Z2 symmetry y ^ —y. The 
junction condition ( p3| ) at the brane gives the evolution equation for aoij) 



K 



= -e 



\6APJ 



(34) 



If we further assume that we are living on the brane, this equation is nothing 
but the Friedmann equation of our universe. However, in the simple case 
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where A?, = and p5 = 0, this equation differs from the four- dimensional 
Friedmann equation in two aspects. First, the Hubble parameter H = cio/ao 
is proportional to po instead of ^/po- Second, there is a C/oq term which 
looks like a radiation term. This means that we can have dynamic solution 
without any matter on the brane or in the bulk— This term seems to have an 
interesting interpretation in view of AdS/CFT LI. Both of these alter the big 
bang nucleosynthesis result: H (x po is not compatible and C is required to 
be small enough. 

If we consider the negative bulk cosmological constant together with the 
positive brane tension, pQ = Aq + pqm, the above equation is written as 

The four-dimensional Friedmann equation is obtained for /cq — fc^ = 0, C = 
0, Pom ^ Aq. We can obtain a viable cosmology for the positive tension 
brane attached to the infinite size extra dimension. The effective cosmological 
constant is given by Aoff oc (fcg — k^) At high energy/temperature, that is, in 
the very earlv— universe p^j^.j term dominates and results in very interesting 
consequences 



4 The stabilized RS models 



4-1 Stabilization by balanced bulk matter 



In the previous section, we saw that the brane at y = fixes the whole bulk 
solution. If we have the second brane at y = i, the junction condition at 



2 gives 



where 



sinh(fc6) + — C — 1) sinh(/c6) — Po cosh(fc6) 
cosh(A;6) + ^{pl - C - l)(cosh(/c6) - 1) - po smh{kb) ' 



This is a constraint between energy densities pi on two branes. The reason 
why this constraint is necessary is obvious. We used the ansatz with the static 
extra dimension, which is not the general case for the two brane model. But 
the (almost) static extra dimension is required from the phenomenological 
view point. We need a stabilization mechanism to make the extra dimension 
static. 
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He.rp..we consider a simple modeling of how the stabilization mechanism 
works tBilil. It must involve some bulk dynamics. We suppose that it is 
through the role of C. The basic idea is that the back reaction by the stabi- 
lization mechanism to the brane energy densities which, if left alone, would 
destabilize the extra dimension, induces the bulk energy momentum Tg which 
forces C fitted to the constraint (^6|) through (^3|) and keep 6 = 0. The con- 
straint (^6|) can be solved to give the necessary C 

_2 po + PJ. — (1 + PoPi) tanh(fc6) 

= (Po - 1) - 2 _ tanh(/fc6/2)} ' ^^^^ 

and the bulk energy-momentum component through 

Aa'^T,y)a{T,y) 

Inserting (^8|) into (|3^), we obtain the 3-brane Friedmann equation for the 
stabilized two brane system 

aoV K _ ^^^2 Po + Pi - (1 + Popi ) tanh(fcb) 
ao) ^ tanh(fc6){l - pi tanh(fcfe/2)} ' ^ ' 

We have two comments here. First, in general it is expected that the 
stabilization mechanism induces T!^ as well as Tg , and b may not be strictly 
static but be shifted somewhat as pi changes in time. Considering only and 
requiring strictly static b seems to give a limit of infinitely steep stabilization 
potential. It is of course unrealistic, but gives the leading behaviors of RS 
models with a certain, unknown stabilization mechanism. Second, we can see 
from (^9|) that the induced docs not fix the additive constant of C. This 
cannot be controlled by T^, but required to vanish to satisfy the constraint. 
This may require another mechanism behind. Actually non-vanishing C im- 
plies the breakdown of conformal symmetry in the bulk, and there might be 
a connection between the stabilization mechanism which requires non-trivial 
C and the conformal symmetry breaking. 

Now we rephrase the metric for the stabilized RS model 

ds^ = -n^{T, y)dT^ + a^ir, y)S.^jdx'dx^ + b^{T, y)dy^ (41) 

where 

6(t, y) — b = constant, 

n{T,y) = ^7^, 
a(r,0) 
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cosh{2kby) — po sinh(2fc6y) 



{po + P^)cosh{kb) - (1 + popi) ,,,,, 

—{cosh(2kby) — 1} 



smh{kb) — pi{cosh{kb) — 1} 
and ao(T) satisfies (|40|). 



1/2 



(42) 



The static five- dimensional spacetime: The mass hierarchy and the 
cosmological constant 

With the metric in ( ^l| ) and (^), we first consider the case where there is no 
matter and only the bulk cosmological constant and the brane tensions are 
involved. The metric is now given by a(T, y) = a(){T)n{y) and 



n{y) 



cosh{2kby) — ko sinh{2kby) 
(ko + fci ) cosh(fc6) — (1 + koki) 



-,1/2 



From 



sinh(A:6) — fci{cosh(fc6) — 1} 
and (|39|) , the balanced ps is found to be 



{cosh(2fc6y) - 1} 



P5iy) 



6M^k^ 
n{yy 



{ko + ki) - (1 + fco^i)tanh(fc6) 
tanh(A:6){l - ki tanh(A:6/2)} 



(43) 



(44) 



The scale factor a(T, y) undergoes inflation, and the Hubble parameter can be 
defined independently of y because H = a{T, y)/a{T, y) = do{T)/ao{T). 

The static background spacetime is obtained when we make a fine tuning 
to satisfy the condition for the vanishing cosmological constant 



(fco + fci ) - (1 + fcofci) tanh(fc6) = 0. 
With this condition, (^3|) and (^) are simplified to 

n{y) = [cosh{2kby) — fco sinh(2fc6y)] 



1/2 



6M3(fc2 „ ^2) 



n{yy 



(45) 

(46) 
(47) 



We can identify the four-dimensional Planck scale in two ways. Firstly, we can 
get it from the 4-dimensional effective theory which is obtained by integrating 
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the action over the extra dimension, 

hdyn{yf = — [sinh(/c6) - fco{cosh(fc6) - 1}] . (48) 
-h ^ 

Secondly, we can deduce it from the 3-brane Friedmann equation (pO[), which 
leads to 

A/3 tanh(fc6){l - ki tanh(fcfe/2)} 

A/2 = ^ --i^ ^ . ' (49) 

^ k 1-ki tanh(fc6) ^ ^ 

The two derived Planck scales ( p8| ) and (^9|) coincide under the condition (p5|), 
that is, when the cosmological constant vanishes. 

Let us consider the gauge hierarchy problemin this background spacetime. 
Physical mass scale at two branes are given by til 

Mw = Mn{T, 0) = M, (50) 

Mh = Mn(T, ^ M [cosh(fc5) - fco sinh(fc6)] ^'"^ . (51) 

Note that we placed the visible brane at y = and identified the physical 
mass scale of the visible brane as the weak scale. The physical mass scale on 
the hidden brane, called the hidden scale here, is in general different from the 
Planck scale. Now the ratio of the electroweak scale and the Planck scale is 

P^i \ [smh{kh) - fco {cosh(fc6) - 1}] « 10^2. (52) 

The condition for the vanishing cosmological constant and the solution to 
the gauge hierarchy problem impose two conditions among four parameters 
k, fco, kl and b. Hence, in this model, there are continuous set of static 
background spacetimes which solve the cosmological constant problem and the 
gauge hierarchy problem together, specified by, for example, two parameters 
{k/M,kb) and fcg and ki can be expressed in terms of them from ( p5| ) and 

(H) 

sinh(fc6) - 10^2 (fc/M) , . 

^° ^ cosh(fc6) - 1 ' 

kl ^ -fco_+tanh(fc6)_ 
5 1 - fco tanh(fc6) ^ ' 

The original RS model with fc = — fco = fci is a special case where p5 in ( ^7| ) 
vanishes. 

Note that while the hidden scale is larger than the weak scale by the 
ratio of warp factors at two branes, n(T, ^)/n(r, 0), it is in general different 
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from the four-dimensional Planck scale by a factor M/k and a different warp 
factor combination. In the original RS model where k = — fco = fci, e^^ ^ 1 
and M/k ~ 1, the difference disappears. If we introduce another hierarchy 
M/k 3> 1 (without any feasible reason at the moment), this will show up in 
the hierarchy of the hidden scale and the Planck scale. 



4. 3 One brane model 

Let us turn to the cases where matters are added on the brane. First, we look 
at the case pi = 0. This corresponds to compactifying the extra dimension 
without the second brane. This is made possible by the tuned distribution 
along the extra dimension 



P5 



6M3fc2 _ ifccoth(fc6)(po - ipo) - 



Pq{Pq + 3po) 
12A/3 



(55) 



The 3-brane Friedmann equation ( ^ ) becomes 



K 



2fc2 [-1 + pocoth(fc6)] . 



(56) 



If we split out the brane tension from the brane energy density, the above 
equation takes the form of four-dimensional Friedmann equation 



K 



2k^ 



fco 



coth(fc6) — 11+ coth(fc6)poM 



(57) 



with the identifications 



Ml = — tanh(fc6), 
^ k 

Aeff = Ao - (6M^Ab)3 tanh(fc6). 



(58) 
(59) 



An interesting characteristic of this model is its implication for the cosmo- 
logical constant problem. Suppose that we have the relation fc = fco in some 
way, that is, assume a solution to the 'big' cosmological constant problem. 
Then the size of the cosmological constant has an exponential dependence on 
the size of extra dimension. This is just the RS-type solution to the 'small' 
cosmological constant problem. The currently observed cosmological constant 
51a ~ 1 can be fitted with kh sa 140. 
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4-4 Two brane model 



Now we turn to the two brane case. We split the brane energy densities into 
the brane tensions and the brane matter energy densities as we did in the one 
brane model, and impose the vanishing cosmological constant condition (|45|). 
The the 3-brane Friedmann equation (|40|) can be written as 



Pompom tanh(/c6) 

Pom + pi a/ + 



do V , ^ _ ^ 6M3fc l-fcotanh(fc6) 

ao 



_^ P^M tanh(fc6) tanh(fc6/2) 
~ 6Mp^ 1 - A:o tanh(/fc6) 



(60) 



where pi^/ = P^m'^{\)'^ — P^m [cosh(fc6) — A:o sinh(fc6)] ^, which is the phys- 
ically observed energy density on the hidden brane. Up to small correction, 
this equation is nothing but the four-dimensional Friedmann equation. The 
energy densities on both brancs contribute equally. So the matter on the 
hidden brane acts as dark matter for our brane. 

The inclusion of the effect of stabilization mechanism, through the bal- 
anced Tg component in this simplified model, gives a ordinary FRW cosmology 
at least up to TeV scale, resolving the peculiarities caused by the existence 
of the negative tension brane. Above the TeV scale, we meet a complicated 
situation where in addition that the quadratic terms become important, we 
need to consider the excitation of other dynamical variables which may spoil 
the stabilization. Further study is required to clarify it. 



5 Conclusion 



There are many interesting issues in the brane world models and large/ warped 
extra dimensions, such as the mass hierarchy, the cosmological constant, lo- 
calization of gravity, confinement of fields on the brane, fine tunings of the 
bulk cosmological constant and brane tensions, stabilization of the extra di- 
mension, the role of supersymmctry, the role of AdS/CFT duality, connection 
to string theory, and collider signals, etc. 

In this talk, we focused on the cosmological implications, together with 
the cosmological constant and the gauge hierarchy. In cosmological side, the 
model with one positive tension brane and the infinite warped extra dimen- 
sion (RS2) has a viable cosmology without the need of stabilization. But for 
models with two or more branes or with the compact extra dimension, taking 
the effects of stabilization into account is very crucial in studying the cosmol- 
ogy of the models. We have shown that, through the simple method using the 
balaced Tg component, the inclusion of the effects of stabilization recovers the 
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conventional four-dimensional FRW cosmology. Therefore, the stabilized RS 
models have viable cosmology below TeV scale, with interesting new perspec- 
tive on the mass hierarchy and the cosmological constant. Further study is 
required to clarify the cosmology of these models at temperatures above TeV 
scale. 
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